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Abstract. Loop corrections to the power spectrum are frequently computed using approx-
imate non-linear kernels adopted from an Einstein de-Sitter (EdS) cosmology. We present
an algorithm that allows us to take the full time- and scale-dependence of the underlying
fluid dynamics into account, and apply it to assess the impact of neutrino free-streaming on
the 1- and 2-loop matter power spectrum. Neutrino perturbations are described by a hybrid
Boltzmann/two-fluid model, that we show to agree with the CLASS Boltzmann solution at
the linear level when using an appropriate effective neutrino sound velocity. We then use this
scheme at 1- and 2-loop to perform a precision comparison of the matter power spectrum
with simplified treatments of massive neutrinos. For a commonly adopted scheme using cold
dark matter+baryon perturbations and EdS kernels to compute non-linear corrections, we
find deviations above 1% for k > 0.15 h/Mpc at z = 0, and sub-percent agreement on weakly
non-linear scales at z = 0.5. We also demonstrate the impact of the EdS approximation on
the 2-loop power spectrum for massless neutrinos.
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1 Introduction
Mapping out the large-scale structure (LSS) of the Universe is one of the key advances that
is driving precision cosmology, and current [1–3] and near future [4–7] surveys will allow
us to potentially detect even small deviations from the ΛCDM model at the (sub-)percent
level. Apart from testing possible explanations of the apparent tension in the value of the
Hubble constant H0 within extended cosmological models, precise LSS observations enable
us to scrutinize the properties of dark energy or probe tiny deviations from the cold dark
matter hypothesis on large scales [4, 8, 9]. Indeed, even within the standard cosmological
model, the non-baryonic matter is expected to be composed of a mixture of cold and hot
components, the latter being provided by the cosmic neutrino background. Identifying its
impact on structure formation offers the prospect to infer the absolute neutrino mass scale
within the ΛCDM framework [4, 10–15].
A major technical challenge when exploiting LSS data is to provide precise and robust
theoretical predictions for a large set of cosmological parameters, as required in a statistical
analysis. Given the extended coverage of weakly non-linear scales in future surveys, major
efforts have been devoted to obtain a suitable perturbative description [16]. Useful ingredients
that have been explored in this context include the perturbative bias expansion [17], models
of redshift-space distortions (RSD) [18], analyses of stress-tensor contributions [19], effective
field theory methods [20], as well as IR resummation capturing the non-linear broadening of
the baryon acoustic oscillation (BAO) feature in the two-point correlation function [21–24].
A viable analysis strategy consists in capturing bias, RSD as well as the impact of small
(UV) scales by a number of free parameters, that can be marginalized over. Approaches
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along these lines have, in various implementations that differ in the underlying model but
yield consistent results, been applied to analyze the full shape of BOSS galaxy clustering
data [25–28].
To achieve a theoretical uncertainty at or below the percent level, every element of the
perturbative description needs to be scrutinized. In this work we focus on the impact of time-
and scale-dependence of the growth of structures on the computation of non-linear corrections
to the power spectrum. While the framework that we present here is applicable to a large
variety of extended cosmological models, we discuss in particular the case of massive neutri-
nos. Within the framework of standard perturbation theory (SPT), the density contrast is
expanded perturbatively around the linear solution, yielding wavenumber-dependent kernels
Fn(k1, . . . ,kn) at the n-th order. In turn, these kernels furnish the perturbative expansion of
the power spectrum. A major simplification occurs for an Einstein de-Sitter (EdS) Universe
that is dominated by matter. In this case the time-dependence of the kernels factorizes, and
they can be computed using well-known algebraic recursion relations. This simplification is
in general not possible in any realistic cosmological model, including ΛCDM. Nevertheless,
EdS-SPT kernels are widely used also for ΛCDM, after correcting for the main impact of
dark energy by using a suitably rescaled time variable [16].
When including massive neutrinos, the linear growth rate becomes scale-dependent due
to neutrino free streaming [29]. An accurate description at the linear level requires to solve
Boltzmann equations for the neutrino perturbations, as is done routinely in codes such as
CLASS [30] or CAMB [31]. However, this quickly becomes impractical beyond linear pertur-
bation theory [32]. Fortunately, for values of the neutrino mass targeted by future surveys,
their distribution becomes non-relativistic long before non-linear corrections become relevant.
This enables a hybrid description based on the full Boltzmann evolution at high redshifts,
and an effective two-fluid description at low redshift, that is amenable to perturbation the-
ory [33]. In this work we present an improved version of the two-fluid description that
reproduces the linear evolution predicted by the Boltzmann equation at the permille level for
cold dark matter, and with better than percent accuracy for neutrino perturbations. Given
that the latter constitute only a small fraction of the total density contrast, this translates
into a negligible error for the matter power spectrum. Free-streaming is captured by an
effective, scale-dependent sound velocity within the fluid description. Based on this two-fluid
model, we obtain results for the 1- and 2-loop power spectrum, taking the exact time- and
scale-dependence of the underlying fluid dynamics into account. We compare these results
to various simplified approximation schemes for massive neutrinos that are commonly used
in this context, and assess in how far they capture the impact of free-streaming. Our work
should be considered as a starting point, aiming at an inclusion of the effects of redshift space
distortions, stress-tensor/effective field theory corrections as well as relativistic effects [34]
in the future. In addition, the framework for computing non-linear corrections employed in
this work is rather versatile and can be applied to extended cosmological models with scale-
dependent growth in the future. Aiming at an accurate and efficient description within the
weakly non-linear regime, the perturbative approach is complementary to N -body simula-
tions [35–37] and (halo-)models [38] investigating the effect of massive neutrinos on smaller
scales.
In Sec. 2, we introduce the general setup for computing loop corrections to the power
spectrum taking exact time- and scale-dependence into account, keeping the discussion as
general as possible. A first application to ΛCDM is discussed in Sec. 3, where we assess the
error of the EdS-SPT approximation at 2-loop. We turn to massive neutrinos in Sec. 4, where
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we introduce the hybrid Boltzmann/two-fluid description and quantify its accuracy at the
linear level. In Sec. 5, we present results for the 1- and 2-loop power spectrum for massive
neutrinos and compare them to various approximate schemes, before concluding in Sec. 6. In
the appendices we discuss the validation and convergence checks of our numerical algorithm.
2 Evaluation of loop corrections with exact time- and scale-dependence
In this section we discuss the strategy for computing loop corrections to the power spectrum
with exact time- and scale-dependence that allows us to go up to 2-loop. After briefly review-
ing the standard formalism and setting up our notations, we introduce a generic extension of
standard perturbation theory that can capture a large variety of cosmological models beyond
ΛCDM, as well as effective descriptions of structure formation. We then outline the algo-
rithm for computing non-linear corrections to the power spectrum within this framework,
leaving some details relevant for the application to massive neutrinos to Sec. 5.
2.1 Standard Perturbation Theory
We start by briefly reviewing the formalism for standard perturbation theory, and introduc-
ing some basic notations. The equations of motion for the density contrast δ and velocity
divergence θ ≡ ∂ivi (neglecting vorticity) in Fourier space are
∂τδ(k, τ) + θ(k, τ) = −
∫
k1,k2
δD(k− k12)α(k1,k2)θ(k1, τ)δ(k2, τ) ,
∂τθ(k, τ) +Hθ(k, τ) + 3
2
H2Ωmδ(k, τ) = −
∫
k1,k2
δD(k− k12)β(k1,k2)θ(k1, τ)θ(k2, τ) ,
(2.1)
where τ is conformal time, H = d ln a/dτ , Ωm the time-dependent matter density parameter,
δD denotes the Dirac delta function and we use the shorthand notations k12 = k1 + k2 and∫
k =
∫
d3k. The mode coupling functions are
α(k1,k2) = 1 +
k1 · k2
k21
, β(k1,k2) =
(k1 + k2)
2(k1 · k2)
2k21k
2
2
. (2.2)
Introducing the tuple ψa = (δ,−θ/Hf), the above equations may be written in the compact
form
∂ηψa(k, η) + Ωab(η)ψb(k, η) =
∫
k1,k2
δD(k− k12)γabc(k,k1,k2)ψb(k1, η)ψc(k2, η) , (2.3)
where η = lnD and f = d lnD/d ln a, D being the linear growth factor. The matrix Ωab is
given by
Ωab(η) =
(
0 −1
−32 Ωmf2 32 Ωmf2 − 1
)
, (2.4)
and the only non-zero elements of γabc are
γ121(k,k1,k2) = α(k1,k2) , γ222(k,k1,k2) = β(k1,k2) . (2.5)
In an EdS Universe, Ωm = 1 and f = 1, which makes Ωab time-independent. Even
though Ωm and f differ significantly from unity entering vacuum energy domination for a
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ΛCDM or wCDM cosmology, the ratio Ωm/f
2 remains close to 1. In addition, at the linear
level, the deviation of Ωm/f
2 from unity does not affect the growing mode (with eigenvector
proportional to (1, 1)). This is usually taken as an argument to replace the matrix Ωab by
ΩEdSab (η) =
(
0 −1
−32 12
)
, (2.6)
even when considering ΛCDM cosmology, leading to the conventional form of SPT, that we
denote by EdS-SPT. The virtue of this approximation is that, when solving (2.3) perturba-
tively in the linear density contrast δ(1)(k, η) = eηδ0(k), the time-dependence factorizes,
δ(k, η) =
∞∑
n=1
∫
q1,...,qn
δD(k− q1···n) enη Fn(q1, . . . ,qn) δ0(q1) · · · δ0(qn) , (2.7)
where q1···n =
∑
i qi. A similar expansion holds for ψ2 = −θ/Hf with kernels Gn. The
EdS-SPT kernels can be obtained from well-known algebraic recursion relations [16], and
furnish the perturbative expansion of the power spectrum
〈δ(k, η)δ(k′, η)〉 = δD(k + k′)P (k, η) . (2.8)
The EdS-SPT kernels are frequently used also for models beyond ΛCDM, and in particular
for massive neutrinos. In this work we scrutinize this approximation using the framework
described below.
2.2 Extension beyond SPT and numerical evaluation
Going beyond EdS-SPT generically leads to a breakdown of the factorization of time- and
scale-dependence when expanding the density contrast perturbatively. This poses a signif-
icant technical increase in complexity, and has therefore been little explored so far beyond
1-loop. In this section we present the setup that we employ to tackle this challenge. The
algorithm is an extension of the one employed in [39–41].
We start by introducing a generic extension of SPT that potentially encompasses many
models beyond ΛCDM as well as effective descriptions of structure formation. Below we
will apply this setup to massive neutrino cosmologies, and also assess the accuracy of the
EdS approximation for Ωab within ΛCDM. We assume that cosmic perturbations can be
described by a set of fields ψa(k, η), allowing for multiple species. For an N -fluid model the
vector ψa contains the density contrast δi and the (suitably normalized) divergence of the
peculiar velocity field θi for each fluid component i, and the index a runs from 1 to 2N . The
full set of auto- and cross power spectra of these perturbations is given by
〈ψa(k, η)ψb(k′, η)〉 = δD(k + k′)Pab(k, η) . (2.9)
We further assume that the non-linear equation of motion of ψa can be brought into a form
analogous to Eq. (2.3),
∂ηψa(k, η) + Ωab(k, η)ψb(k, η) =
∫
k1,k2
δD(k− k12)γabc(k,k1,k2)ψb(k, η)ψc(k, η) . (2.10)
The left-hand side comprises the linear equation of motion, being captured by a 2N × 2N
matrix Ωab(k, η). We allow for both a time- and wavenumber-dependence, with k ≡ |k|. The
– 4 –
dependence on wavenumber occurs for example when taking an effective viscosity and sound
velocity into account for dark matter [41], and is also important for massive neutrinos [33]. In
addition, γabc(k,k1,k2) denote the non-linear vertices, that capture quadratic non-linearities
in the equations of motion in real space. For ΛCDM they are given by Eq. (2.5), but may
also include additional non-linear terms in general.
The equation of motion needs to be complemented by suitable initial conditions. We
assume that the initial conditions for all perturbation variables are correlated, as is the case
for the familiar adiabatic initial conditions. Consequently, they can be brought into the form
ψa(k, ηini) = ua(k, ηini)δ0(k) , (2.11)
where ηini should be chosen sufficiently late after recombination, but long before the onset
of non-linear evolution on scales relevant for large-scale structure formation. Neglecting
primordial non-Gaussianity, δ0(k) can be taken as a Gaussian random field, of which we
ultimately only need to know the (linear) power spectrum 〈δ0(k)δ0(k′)〉 = δD(k + k′)P0(k)
as an input for the computation of non-linear corrections. The vector ua(k, ηini) determines
the relative normalization of the initial values for the various perturbation variables. For a
ΛCDM cosmology featuring only a single fluid component, it can be chosen to agree with
the growing mode eigenvector ua(k, ηini) = (1, 1) with ηini deep inside the matter dominated
era. We refer to the following sections for some details on how the initial conditions are
implemented for the respective applications.
The perturbative expansion of the solution to Eq. (2.10) can be written in the form
ψa(k, η) =
∞∑
n=1
∫
q1,...,qn
δD(k− q1···n)F (n)a (q1, . . . ,qn; η) δ0(q1) · · · δ0(qn) . (2.12)
Importantly, compared to the EdS-SPT case given in Eq. (2.7), the time-dependence does in
general not factorize. To obtain an evolution equation for the kernels, we insert Eq. (2.12)
into the equation of motion (2.10) and collect terms of equal order in δ0. This yields an
equation of motion for the kernels
∂ηF
(n)
a (q1, . . . ,qn; η) + Ωab(k, η)F
(n)
b (q1, . . . ,qn; η)
=
n−1∑
m=1
[
γabc(k,q1···m,qm+1···n)F
(m)
b (q1, . . . ,qm; η)F
(n−m)
c (qm+1, . . . ,qn; η)
]
sym.
. (2.13)
Here the right hand side is understood to be symmetrized with respect to Nm =
n!
m!(n−m)! per-
mutations exchanging momenta in the {q1, . . . ,qm} set with momenta in the {qm+1, . . . ,qn}
set (meaning the sum of all permuted expressions divided by Nm). Furthermore, k =
∑
i qi.
For any given set of wavevectors, Eq. (2.13) is a set of coupled ordinary differential
equation for the 2N kernels F
(n)
a (q1, . . . ,qn; η) with a = 1, . . . , 2N . One can easily check
that for N = 1, when replacing Ωab(k, η) by the constant EdS matrix given in Eq. (2.6),
along with the vertices from Eq. (2.5), one recovers the usual EdS-SPT recursion relations
for the kernels in the limit ηini → −∞, with a factorized time-dependence F (n)1 → enηFn and
F
(n)
2 → enηGn.
Inserting the perturbative expansion Eq. (2.12) into Eq. (2.9) and using the Wick theo-
rem yields the “loop” expansion of the power spectrum
Pab(k, η) = P
lin
ab (k, η) + P
1-loop
ab (k, η) + P
2-loop
ab (k, η) + . . . , (2.14)
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with
P linab (k, η) = F
(1)
a (k; η)P0(k)F
(1)
b (k; η) ,
P 1-loopab (k, η) =
∫
q
P0(q)
[
3F (1)a (k; η)P0(k)F
(3)
b (k,q,−q; η)
+ 3F (3)a (k,q,−q; η)P0(k)F (1)b (k; η)
+ 2F (2)a (k− q,q; η)P0(|k− q|)F (2)b (k− q,q; η)
]
,
P 2-loopab (k, η) =
∫
q,p
P0(q)P0(p)
[
15F (1)a (k; η)P0(k)F
(5)
b (k,p,−p,q,−q; η)
+ 15F (5)a (k,p,−p,q,−q; η)P0(k)F (1)b (k; η)
+ 12F (2)a (k− q,q; η)P0(|k− q|)F (4)b (k− q,q,p,−p; η)
+ 12F (4)a (k− q,q,p,−p; η)P0(|k− q|)F (2)b (k− q,q; η)
+ 9F (3)a (k,q,−q; η)P0(k)F (3)b (k,p,−p; η)
+ 6F (3)a (k− p− q,p,q; η)P0(|k− p− q|)F (3)b (k− p− q,p,q; η)
]
.
(2.15)
These expressions are analogous to the familiar SPT loop integrals, except that here the gen-
eralized time-dependent kernels F
(n)
a appear. Note that the indices a, b label the components
of ψa, such that for example P11 denotes the density auto power spectrum, P22 the velocity
divergence spectrum, and P12 the cross spectrum. In case of multiple fluids, P13 is the cross
power spectrum between the density contrast of the first and second component, etc. We
stress that these indices are unrelated to the conventional naming of the various summands
in the 1- and 2-loop integrals within SPT according to the perturbative order of the kernels.
Furthermore, we emphasize that, in general, even the linear evolution can be non-trivial,
being captured by the transfer functions F
(1)
a (k; η).
For numerical evaluation, we further modify the expressions inside the square brackets
to ensure that large cancellations that occur when one of the arguments of P0 goes to zero are
accounted for already at the integrand level [39, 40, 42]. We then compute the loop integrals
using the Suave routine of the Monte-Carlo integration package CUBA [43]. The numerical
algorithm at 2-loop is an extended version compared to [39–41], and can be summarized as
follows:
1. The Monte-Carlo loop integrator calls the routine computing the integrand for a given
set of wavenumbers p,q. The external wavevector is fixed to k = (0, 0, k) (without loss
of generality).
2. All vertices γabc(k12,k1,k2) are computed and stored for all sets of possible wavevectors
k1 and k2 of the form
0k + 1p + 2q, 0 = 0, 1, 1,2 = 0,±1 . (2.16)
3. For each kernel F
(n)
a , evaluated with the particular set of wavevectors occurring in the
loop integrand, we solve the set of ordinary differential equations (2.13) numerically.
This requires to solve also for the lower order kernels F
(m)
a and F
(n−m)
a with m =
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1, . . . , n − 1 evaluated on a subset of wavevectors, which can be done recursively. We
temporarily store the time-dependent kernels on a sufficiently dense grid between ηini
and the output time. This leads to a significant reduction in computing time due to
the recursive structure of Eq. (2.13) and since only a limited number of combinations
of wavevectors can occur as an argument. We describe the implementation of initial
conditions for the kernels in the sections below.
Let us finally comment on an alternative scheme that can capture a non-trivial time
dependence, known as time-dependent renormalization group (TRG) [44], which is based on
solving coupled equations for the power- and bispectrum. As shown in [45], this scheme can
be considered being equivalent to a 1-loop computation of the power spectrum that allows
to take an arbitrary time-dependence of Ωab into account. Extending this formalism to 2-
loop would require to include also the trispectrum, which represents significant technical
challenges [46]. In addition, even when neglecting the trispectrum, the practical feasibility
of the algorithm depends on being able to reduce the computation to a certain moment of
the bispectrum. However, this is no longer possible when Ωab depends also on wavenumber,
as is the case when including an effective viscosity and sound velocity, and also for massive
neutrinos. In addition, for an N -fluid scheme, the TRG approach would require to track the
time dependence of all 2N(2N − 1) power spectra, while for the approach pursued here it is
sufficient to compute the 2N kernels F
(n)
a . Note that the algorithm presented here can be
extended to the 1-loop bispectrum with exact time- and scale-dependence [47].
3 Validity of EdS approximation
In this section we turn to our first application: relaxing the commonly used EdS approxi-
mation and computing the matter power spectrum for the first time at 2-loop from kernels
with exact time dependence. The effect of the EdS approximation on the 1-loop correction
to the power spectrum has been studied previously in the literature [48–52], where analytic
expressions for the relevant time-dependent kernels in generalized cosmologies have been de-
rived. It has been shown that the 1-loop term in the EdS approximation is accurate to less
than 1% at z = 0 in the mildly non-linear regime. We find that adding the 2-loop correction,
the inaccuracy increases to more than 1% at k = 0.2 h/Mpc. The approximation works
better at earlier times, and indeed we find only a few permille deviation on the relevant
scales at z = 0.5. Future low-redshift surveys may achieve a sensitivity close to this mark,
hence it is worth studying the quantitative effects of the EdS approximation on cosmological
observables.
Our analysis is based on a ΛCDM cosmology with h = 0.6756, Ωb = 0.04828, Ωcdm =
0.2638, ns = 0.9619 and As = 2.215 · 10−9. The input linear power spectrum as well as the
ratio Ωm/f
2 is taken from the Boltzmann solver CLASS. As described above, to compute
the 1- and 2-loop power spectrum, we solve Eq. (2.13) numerically for each kernel and set of
wavenumbers needed in the Monte-Carlo integration. We initialize the time evolution deep
inside the matter dominated era (specifically, zini = 25). Since Ωm/f
2 is very close to unity
at that time, it is possible to use the conventional EdS-SPT kernels as initial conditions.
In Appendix A, we compare our numerical 1-loop result with the analytic time-dependent
kernels from Ref. [48], finding agreement at the sub-permille level and within the numerical
error bar of the Monte Carlo integration. We performed numerous additional convergence
checks of the numerical implementation that are discussed in Appendix B.
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Figure 1. Non-linear corrections to the matter power spectrum with exact time-dependence, normal-
ized to the corresponding terms in the EdS approximation. Left: 1-loop correction and right: 2-loop
correction. The blue curves correspond to z = 0 while the green ones correspond to z = 0.5. The error
bars display the uncertainty from the numerical integration. Note that the spikes at k ' 0.08 h/Mpc
(1-loop) and k ' 0.5 h/Mpc (2-loop) are due to the non-linear corrections crossing zero, leading to
large relative deviations.
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Figure 2. Total matter power spectrum at 1- and 2-loop with exact time-dependence normalized
to that in the EdS approximation. Left: Redshift z = 0. right: z = 0.5. The uncertainty from the
numerical integration is indicated with error bars.
We compute the 1- and 2-loop corrections to the power spectrum both in the EdS
approximation and with the exact time dependence and compare the results. In Fig. 1, this
comparison is shown for each loop correction separately and at redshifts z = 0 and z = 0.5,
respectively. At z = 0.5 the EdS approximation works better, since the exact solution only
very recently starts to deviate from the EdS one. At k ' 0.08 h/Mpc, the 1-loop correction
switches sign and crosses zero, which yield large relative deviations (similarly for the 2-loop
term at k ' 0.5 h/Mpc). Fig. 2 displays the total power spectrum at 1- and 2-loop normalized
to the EdS solution, computed at two redshifts z = 0 and z = 0.5. On large scales the linear
contribution dominates, which is not affected by the EdS approximation, hence the departure
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from EdS starts to appear around k ' 0.1 h/Mpc. In addition to the EdS approximation
being more reliable at earlier times, the non-linear corrections are smaller compared to the
linear power spectrum at z = 0.5, hence the deviation of the total power spectrum is only a
few permille in the weakly non-linear regime of the right plot.
4 Two-fluid model: CDM + baryons and massive neutrinos
In this section we set up a two-component fluid model for baryons, CDM and massive neu-
trinos, and discuss its validity. Baryons and CDM are treated equally as a single component,
forming a perfect, pressureless fluid. They interact through gravity with the neutrinos, which
are described by a fluid with an effective sound velocity. A fluid model for neutrinos was
thoroughly studied in Ref. [53], which found that the fluid description was only accurate at
the level of 10–20%. We aim for far better accuracy than that, hence we follow Ref. [33]
and use a hybrid scheme: at high redshift we use the full Boltzmann hierarchy while at low
redshift we switch to the two-fluid model. The reasoning behind this is two-fold. Firstly, after
the neutrinos become non-relativistic, the coupling between lower and higher moments of the
Boltzmann hierarchy is suppressed by powers of Tν/mν . This decoupling allows us to follow
only the lowest moments at late times. Secondly, non-linear corrections become important at
late redshift z . 10, and computing them numerically is manageable in the two-fluid model.
Therefore, we match the Boltzmann solution onto the two-fluid model at zmatch = 25, which
for the neutrino masses we consider is well after the non-relativistic transition given by
znr ' 1890 mν
1 eV
. (4.1)
We find that depending on the specific expression used for the neutrino effective sound
velocity, the two-fluid model agrees with the full Boltzmann solution at (sub-)permille and
percent level for the CDM+baryons and neutrino transfer functions, respectively (see below).
We consider four models with neutrino masses
∑
mν = 0.06, 0.15, 0.21 and 0.3 eV,
respectively. In all models we have three degenerate neutrino species, described jointly by a
single fluid component. In principle it is possible to extend the formalism to a multi-fluid
where each neutrino species has an individual effective sound velocity. However, cosmological
probes are quite insensitive to the specific details of neutrino physics except for the absolute
mass scale, and the error introduced by using degenerate neutrino species appears to be
negligible compared to expected sensitivity of future surveys, see e.g. Ref. [54].
Neglecting vorticity and dropping non-linear terms for the moment, the continuity and
Euler equations for the CDM+baryons and neutrino density contrast and velocity divergence
are
∂τδcb + θcb = 0 , (4.2a)
∂τθcb +Hθcb + 3
2
H2Ωm[fνδν + (1− fν)δcb] = 0 , (4.2b)
∂τδν + θν = 0 , (4.2c)
∂τθν +Hθν + 3
2
H2Ωm[fνδν + (1− fν)δcb]− k2c2sδν + k2σ = 0 . (4.2d)
Here, the combined baryon and CDM density contrast is
δcb =
fbδb + fcdmδcdm
fb + fcdm
,
– 9 –
where the energy density fraction for each species is fi ≡ Ωi/Ωm. The velocity divergence
θcb is defined equivalently. The energy density fraction of neutrinos is constant for z  znr,
fν =
1
Ωm(z = 0)
∑
mν
93.14 h2eV
. (4.3)
Specifically, this gives fν = 0.0045, 0.0112, 0.0156, and 0.0221 for
∑
mν = 0.06, 0.15, 0.21
and 0.3 eV, respectively. For the lowest neutrino masses, the exact neutrino fraction fν(z)
differs about 1% around zmatch = 25 from the constant approximation above, however taking
the exact time dependence into account only alters the transfer functions at z = 0 at the
order of 10−4, hence we neglect it.
Lastly, in the Euler equation for the neutrino component, Eq. (4.2d), the sound velocity
term expresses the free-streaming of the neutrinos: c2s = δPν/δρν . In addition, σ denotes
the anisotropic stress. Both c2s and σ needs to be specified in order to close the system in
Eqs. (4.2), and we return to this issue below.
Again, we find it convenient to rewrite the continuity and Euler equations in terms of η =
lnD(z). However, for a model with massive neutrinos the growth factor is k-dependent, which
complicates the analysis. To avoid this issue, we instead use the growth factor Dfν=0(z) of a
corresponding reference cosmology with massless neutrinos. Specifically, given a cosmology
with massive neutrinos, the reference cosmology has the exact same parameters except for
the CDM energy density which is adjusted such that the total matter energy densities of the
models are the same. The equation for the growth factor Dfν=0(z) is
d2Dfν=0(z)
d ln a2
+
(
1 +
d lnH
d ln a
)
dDfν=0(z)
d ln a
− 3
2
ΩmDfν=0(z) = 0 . (4.4)
For scales much larger than the neutrino free-streaming scale, neutrinos behave as CDM and
the growth factors of the two models agree. We define the tuple ψa as
ψ1 = δcb , ψ2 = − θcbHf , ψ3 = δν , ψ4 = −
θν
Hf , (4.5)
where f = d lnDfν=0/ d ln a. Using ∂τ = Hf ∂η, the linearized continuity and Euler equations
become
∂ηψa + Ω(k, η)ab ψb = 0 , (4.6)
with
Ω(k, η) =

0 −1 0 0
−32 Ωmf2 (1− fν) 32 Ωmf2 − 1 −32 Ωmf2 fν 0
0 0 0 −1
−32 Ωmf2 (1− fν) 0 −32 Ωmf2 [fν − k2c2s,eff(k, η)] 32 Ωmf2 − 1
 , (4.7)
where c2s,eff is an effective sound velocity that will be discussed shortly. In solving Eq. (4.6),
we write ψa(k, η) = F
(1)
a (k, η) δcb(k, ηmatch) and use the growing mode eigenvector of the
matrix Ω(k, ηmatch) as initial condition for the linear kernels F
(1)
a (suitably normalized so
that F
(1)
1 (k, ηmatch) = 1). We will clarify the reasoning for this choice of initial conditions
when we move on to non-linear corrections in the next section. Thus, we may compute e.g.
the linear CDM+baryons and neutrino cross power spectrum at some time η by
Pcb,ν(k, η) = F
(1)
1 (k, η)F
(1)
3 (k, η)Pcb,cb(k, ηmatch) , (4.8)
where Pcb,cb(k, ηmatch) is taken from CLASS.
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4.1 Sound velocity and anisotropic stress
We will now describe two ways to close the system in Eq. (4.6): (i) by approximating the
sound velocity by the adiabatic sound velocity and neglecting the anisotropic stress and (ii)
by integrating the Boltzmann equation for neutrinos numerically to obtain the exact sound
velocity and anisotropic stress. Both methods will be used and compared when we discuss
non-linear corrections in the next section.
Adiabatic approximation (2F-ad) In the non-relativistic limit the sound velocity of the
neutrinos approaches the adiabatic sound velocity cg, which can be related to the velocity
dispersion σν (assuming σ
2
ν  1) [53]:
c2s ≡
δP
δρ
−−−−→
zznr
c2g =
5
9
σ2ν =
25
3
ζ(5)
ζ(3)
(
Tν
mν
)2
. (4.9)
Assuming also that the anisotropic stress can be neglected in this limit, the effective sound
velocity entering the two-fluid equations in Eqs. (4.6) and (4.7) is
c2s,eff =
2
3ΩmH2 c
2
g '
1.214
Ωm(z = 0)
(
1 eV
mν
)2
(1 + z)
Mpc2
h2
. (4.10)
We will refer to this scheme in the future with the label 2F-ad. It has the benefit of being
simpler to implement in practice compared to the more accurate scheme that we turn to
next.
Exact effective sound velocity (2F) The idea of this scheme is to obtain an optimal
fluid description that is informed about the impact of the linear perturbations to the complete
neutrino distribution function, including all of its higher moments. This is realized by using
the exact neutrino sound velocity and anisotropic stress in the Euler equation, derived from
a full solution of the linearized collision-less Boltzmann equation [55](
∂τ +
i q
(q, τ)
(k · nˆ)
)
Ψ(k, nˆ, q, τ)+
d ln f0
d ln q
(
∂τφ(k, τ)− i (q, τ)
q
(k · nˆ)ψ(k, τ)
)
= 0 . (4.11)
Here, Ψ is the linear perturbation to the neutrino distribution function, f = f0(1 + Ψ),
nˆ = q/q and φ and ψ are metric perturbations in the conformal Newtonian gauge. Further-
more, q and (q, τ) =
√
q2 + a2(τ)m2 are the comoving momentum and energy of a particle,
respectively. Neutrinos decoupled while they were ultra-relativistic, hence the unperturbed
distribution function f0 remains in the form of an ultra-relativistic Fermi-Dirac distribution
also after the non-relativistic transition. Integrating Eq. (4.11) and projecting onto Legendre
polynomials Pl(k · nˆ/k) yields the following multipole solutions [53]:
Ψl(k, q, τ) =
d ln f0(q)
d ln q
×
(
φ(k, τi) jl[k y(τi, τ)]− φ(k, τ)δl0
− k
∫ τ
τi
dτ˜
[
(q, τ˜)
q
ψ(k, τ˜) +
q
(q, τ˜)
φ(k, τ˜)
] [
l
2l + 1
jl−1[k y(τ˜ , τ)]− l + 1
2l + 1
jl+1[k y(τ˜ , τ)]
])
+
∑
l′
∑
l′′
(−i)l′+l′′−l(2l′ + 1)(2l′′ + 1) Ψl′(k, q, τi) jl′′ [k y(τi, τ)]
(
l l′ l′′
0 0 0
)2
, (4.12)
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where jl are spherical Bessel functions,
(
l l′ l′′
0 0 0
)
is the Wigner 3-j symbol, and
y(τa, τb) =
∫ τb
τa
dτ
q
(q, τ)
. (4.13)
Note that we fixed a sign typo from Ref. [53] in the φ-term of the second line of Eq. (4.12).
The perturbations Ψl are related to the density contrast, velocity divergence and anisotropic
stress through integrals over momentum:
ρ¯(τ) =
4pi
a4(τ)
∫
dq q2(q, τ)f0(q) , (4.14a)
P¯ (τ) =
4pi
3a4(τ)
∫
dq q2
q2
(q, τ)
f0(q) , (4.14b)
δρ(k, τ) =
4pi
a4(τ)
∫
dq q2(q, τ)f0(q)Ψ0(k, q, τ) , (4.14c)
δP (k, τ) =
4pi
3a4(τ)
∫
dq q2
q2
(q, τ)
f0(q)Ψ0(k, q, τ) , (4.14d)
(ρ¯+ P¯ )θ(k, τ) =
4pik
a4(τ)
∫
dq q3f0(q)Ψ1(k, q, τ) , (4.14e)
(ρ¯+ P¯ )σ(k, τ) =
8pi
3a4(τ)
∫
dq q2
q2
(q, τ)
f0(q)Ψ2(k, q, τ) . (4.14f)
Thus, using Eqs. (4.12) and (4.14) we may compute the exact sound velocity c2s(k, τ) ≡
δP/δρ, density perturbation δ(k, τ) ≡ δρ/ρ¯ and anisotropic stress σ(k, τ) to obtain the
effective sound velocity which is used in the two-fluid evolution,
c2s,eff =
2
3ΩmH2
(
c2s(k, τ)−
σ(k, τ)
δ(k, τ)
)
. (4.15)
In practice, we simplify Eq. (4.12) by assuming φ = ψ at all times and ψ = const
before vacuum energy domination (specifically, before z = 5). In addition, we neglect the
contributions from the initial perturbations Ψl(k, q, τi) since the integral term dominates at
late times. The gravitational potential is obtained from a Boltzmann solver (CLASS) and
τi = 1 Mpc is used. We check explicitly for a subset of wavenumbers and the neutrino masses
we consider that dropping these assumptions has negligible impact on the numerical results.
The sound velocity and anisotropic stress may also be extracted from CLASS, which
solves the Boltzmann equation (4.11) by immediately projecting onto Legendre polynomials
and integrating the resulting hierarchy of differential equations for the Ψl’s.
1 A truncation of
the hierarchy at some maximum multipole lmax is needed in order to be able to solve it nu-
merically, which may introduce inaccuracies that propagate the hierarchy to lower multipoles.
Note that this problem is not present in Eq. (4.12), since there is no coupling between multi-
poles (up to backreaction on the gravitational potentials). Nevertheless, using Eq. (4.12) for
the neutrino perturbation in a Boltzmann solver would be very time-consuming, since the
integral has to be performed at every time step in order to update transfer functions and
metric perturbations (we avoid this by taking the metric perturbations as external input).
1In our utilization of CLASS for cosmologies with massive neutrinos, we turn off the default fluid approx-
imation for neutrinos, i.e. we use ncdm fluid approximation = 3 and l max = 17 unless stated otherwise.
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Figure 3. Adiabatic sound velocity c2g, sound velocity c
2
s and absolute value of the anisotropic stress
divided by the the density contrast, |σ/δ|, as a function of redshift from our numerical computation
and from CLASS using different maximum number of multipoles lmax (note that the difference is
invisible except for |σ/δ| in the left plot). Left: neutrino mass ∑mν = 0.06 eV and wavenumber
k = 0.1 h/Mpc. Right:
∑
mν = 0.21 eV and k = 0.01 h/Mpc.
In Fig. 3, we compare our numerical results for the sound velocity c2s and anisotropic
stress over density contrast |σ/δ| with CLASS for two choices of neutrino mass and wavenum-
ber. In addition, the adiabatic sound velocity c2g is plotted. We see that the sound velocity
is in good agreement with CLASS; a closer quantitative analysis yields agreement of around
1%, also for a larger set of wavenumbers and neutrino masses, and independent of the maxi-
mum number of multipoles lmax used in CLASS. Furthermore, for high neutrino masses and
low wavenumbers, the ratio of anisotropic stress and density contrast also has percent level
agreement with that from CLASS. In the other limit, the CLASS solution develops oscilla-
tory behavior, and only the mean value of the oscillations follows our numerical result. This
is seen for k = 0.1 h/Mpc in the left plot of Fig. 3. For even smaller scales, the oscillations
become more pronounced and results using different multipole truncation number lmax do
not converge to the same answer even at late times. Nonetheless, in this limit |σ/δ| is sup-
pressed compared to the sound velocity, so the impact on the velocity divergence in the Euler
equation is small. In principle, we could have used CLASS to compute the sound velocity
and anisotropic stress entering Eq. (4.15) and in turn entering the two-fluid model, but the
oscillatory behavior on small scales makes this impractical, hence we opt for numerically
solving Eqs. (4.12) and (4.14).
In the following we will use the label 2F for the two-fluid model with the exact effective
sound velocity in Eq. (4.15).
4.2 Comparison with Boltzmann solver
Having set up the two-fluid model for CDM+baryons and massive neutrinos in the previous
subsection, we proceed to compare this scheme at the linear level with a Boltzmann solver
(CLASS). The total matter power spectrum is the weighted sum of the CDM+baryons power
spectrum, the neutrino power spectrum and the cross power spectrum between CDM+baryons
and neutrinos:
Pm,m = (1− fν)2Pcb,cb + 2(1− fν)fνPcb,ν + f2νPν,ν . (4.16)
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Figure 4. Contributions to the linear matter power spectrum at z = 0 in a cosmology with∑
mν = 0.15 eV. The solid black lines correspond to the CLASS solution, the dashed orange lines to
the exact two-fluid solution and the dotted green lines to the two-fluid solution using the adiabatic
approximation.
The various contributions are shown in Fig. 4 at redshift z = 0 and for neutrino mass∑
mν = 0.15 eV, where we include the results from the two-fluid model (both using adiabatic
approximation and exact sound velocity) and from CLASS. The neutrino power spectrum and
the cross power spectrum are suppressed compared to the CDM+baryons power spectrum
due to free-streaming of the neutrinos on scales smaller than the free-streaming scale kFS =
1/c2s,eff ∼ 10−2 h/Mpc. Since in addition fν  1, the total matter power spectrum is
dominated by the Pcb,cb term on these scales. However, through the backreaction on the
gravitational potential, the presence of massive, free-streaming neutrinos leads to a reduction
of growth in the baryon and CDM sector, which at the linear level yields the well known
∼ 8fν reduction of the total power spectrum. Therefore it is necessary to calculate the
neutrino transfer function accurately even when neglecting the last terms of Eq. (4.16).
Fig. 5 displays the relative difference between the two-fluid model and the CLASS solu-
tion for the neutrino masses we consider (left: adiabatic approximation, right: exact sound
velocity). We see that the two-fluid model with adiabatic approximation underestimates the
neutrino-neutrino and cross power spectra by a significant amount (this is also evident from
Fig. 4). The decrease in power is caused by the adiabatic approximation overestimating the
sound velocity, as is apparent from Fig. 3, leading to suppressed growth on scales smaller
than the free-streaming scale. On scales close to and smaller than the free-streaming scale
kFS, the Poisson term begins to dominate in the neutrino Euler equation, so the performance
of the adiabatic model improves. We note that the adiabatic approximation works better for
increasing neutrino masses, where a larger fraction of the neutrino distribution has become
sufficiently non-relativistic, and the sound velocity is further in approaching the adiabatic
limit. On the other hand, when fν is larger the error in the neutrino sector affects the total
matter power spectrum to greater extent: the gravitational coupling between CDM+baryons
and neutrinos is larger and the last two terms in Eq. (4.16) are more important. Neverthe-
less, for the total power spectrum and the neutrino masses we consider, we find agreement
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Figure 5. Relative difference between the linear power spectrum computed in the two-fluid model
and the Boltzmann solution, ∆P = |PTwo−fluid/PBoltzmann− 1|, for various neutrino masses at z = 0.
The solid lines correspond to the total matter power spectrum ∆Pm,m, the dashed lines correspond
to the CDM+baryons power spectrum ∆Pcb,cb and the dotted lines correspond to the neutrino power
spectrum ∆Pν,ν . Left: Two-fluid model using the adiabatic sound velocity approximation (scheme
2F-ad). Right: Two-fluid model using exact sound velocity and anisotropic stress (scheme 2F).
between the adiabatic model and the CLASS solution of a few permille.
As expected, the two-fluid model with exact effective sound velocity agrees excellently
with the Boltzmann solution, with deviations of the order of 10−4–10−3 depending on the
neutrino mass, as seen in the right plot of Fig. 5. The neutrino power spectrum agrees with
the Boltzmann solution from CLASS at percent level or better for k ∼ 0.1 h/Mpc, and at
the few percent level for k & 1 h/Mpc. However in the latter region the Boltzmann solution
from CLASS also differs by a few percent depending on the maximum number of multipoles
lmax included in the Boltzmann hierarchy, indicating that inaccuracies due to the truncation
of the hierarchy propagate to lower multipoles.
Finally, we comment on a few alternative approximations for neutrinos that truncate the
Boltzmann hierarchy at lmax = 2, and hence include an evolution equation for the anisotropic
stress in the fluid equations. Various trunction schemes have been used for Ψ3 to close
the system: the simplest one is Ψ3 = 0 [53], but this is rather inaccurate and the errors
propagate to lower multipoles. An improved version is to use the spherical Bessel function
recurrence relation [55], and a similar scheme is used by the default neutrino treatment in
CLASS [56]. Nevertheless, the neutrino power spectrum is reduced by a factor O(10%)
around k = 0.1 h/Mpc using this truncation scheme, compared to using the full Boltzmann
hierarchy. It was noted in Ref. [57] that due to the gravitational source terms, the Bessel
relation poorly captures the behavior of Ψ3, and using instead an empirical formula yields
percent agreement for the neutrino power spectrum. Our two-fluid model goes even further
in that it captures the effect of all higher order cumulants effectively through the sound
velocity and anisotropic stress in the Euler equation. In this sense, the agreement with
the full Boltzmann hierarchy is largely a consistency check: the only difference between the
Boltzmann equations and the 2F scheme is the neglection of the neutrino equation of state
in the latter.
We conclude that the two-fluid model with neutrino sound velocity and anisotropic
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stress computed from an exact solution of the linear Boltzmann equation works at the 10−4
to 10−3 level for the linear total matter power spectrum on scales k . 1 h/Mpc, making it
suitable for a precision comparison at higher order in perturbation theory.
5 Non-linear power spectrum with massive neutrinos
In this section we compute non-linear corrections to the matter power spectrum in the pres-
ence of massive neutrinos. We use the two-fluid model described in the previous section, and
compare to other approximation schemes used in the previous literature.
We use the algorithm presented in Sec. 2.2 to compute the 1- and 2-loop power spectrum
with exact time- and scale-dependence, and specify some details specific to massive neutrinos
in the following. Including non-linear terms in the two-fluid equations in Eq. (4.6) gives an
equation of motion of the form of Eq. (2.10) where the non-zero vertices are
γ121(k,k1,k2) = γ343(k,k1,k2) ≡ α(k1,k2) , (5.1a)
γ222(k,k1,k2) = γ444(k,k1,k2) ≡ β(k1,k2) . (5.1b)
We expand the density contrast and velocity divergence of the CDM+baryon and neutrino
components perturbatively according to Eq. (2.12). Note that the linear evolution matrix
Ωab(k, η) is both time- and scale-dependent due to the neutrino effective sound velocity.
To solve the differential equation (2.13), we also need an initial condition for the kernels
at ηmatch. A simple initial condition setup would be to extend what we did in the EdS
analysis and use EdS-SPT and 0 as initial conditions for the CDM+baryons and neutrino
kernels, respectively. The reasoning behind this would be that ηmatch is deep in the matter
dominated era, where the EdS approximation is accurate, and the neutrino density contrast
and velocity divergence are much smaller than the CDM+baryons density contrast in most
of the integration domain, so that F
(n)
3 , F
(n)
4  1. However, this works poorly in practice
since the initial condition excites transient solutions that propagate the kernel hierarchy and
do no entirely decay away by η = 0 (z = 0). In particular, the EdS linear growing mode
solution (1, 1) (which is also the linear growing mode solution of Eq. (2.3)) is not the linear
growing mode solution of Eq. (4.6). Rather, the first two components of the eigenvector of
Ω(k, η) in Eq. (4.7) corresponding to the growing mode differs by a factor O(0.01) to (1, 1)
depending on η and k.
Having this in mind, given the growing mode eigenvector ua(k) of Ω(k, ηmatch), we
set F
(1)
a (k, ηmatch) = ua(k)/u1(k) as initial condition for the linear kernels. Note that the
normalization implies F
(1)
1 (k, ηmatch) = 1, consistent with the convention adopted in Sec. 4,
implying δ0(k) = δ
(1)
cb (k, ηmatch) in Eq. (2.12). Initializing the higher order kernels in the
growing mode is more tricky. In principle, it is possible to analytically solve Eq. (2.13)
with Ω = Ω(k, ηmatch) time-independent, obtaining a recursion solution similar to that in
EdS-SPT with a dependence on k. Instead, we let the system of differential equations in the
numerics reach the growing mode by extrapolating far back in time: starting at ηasymp = −10
(corresponding to z ∼ 104) we set
F (n)a (k, ηasymp) =
{
ua(k)
u1(k)
eηasymp−ηmatch , n = 1 ,
0 , n > 1 ,
(5.2)
and evolve the kernels to ηmatch using Ω = Ω(k, ηmatch). This way, the linear kernels remain
in the growing mode solution (by construction) and any transient modes in the higher order
– 16 –
10−2 10−1 100 101
k [h/Mpc]
10−5
10−4
10−3
10−2
10−1
100
101
102
P
[(
M
p
c/
h
)3
]
Pcb,cb
Pcb,ν
Pν,ν
Figure 6. Contributions to the matter power spectrum at z = 0 computed in the 2F scheme for
neutrino mass
∑
mν = 0.15 eV. Solid lines correspond to the linear contribution, while dashed and
dotted lines correspond to the absolute value of the 1- and 2-loop corrections, respectively. Error bars
(only visible in a few places) indicate uncertainty from the numerical integration.
kernels have decayed by ηmatch. Thus, the entire kernel hierarchy resides in the growing mode
of Ω(k, ηmatch) when we turn on dynamics for η > ηmatch. Note that a similar strategy was
used in the 1-loop analysis of [33] to avoid transients that occur within the TRG framework
[45].
The numerical analysis is based on a ΛCDM cosmology with massive neutrinos and
otherwise the same parameters as in Sec. 3: h = 0.6756, Ωb = 0.04828, Ωcdm = 0.2638,
ns = 0.9619 and As = 2.215 · 10−9. We take the input linear CDM+baryons power spectrum
at zmatch = 25 and the ratio Ωm/f
2 from CLASS. Fig. 6 shows the various contributions
to the matter power spectrum at 2-loop with neutrino mass
∑
mν = 0.15 eV, computed
in the two-fluid model with exact sound velocity (scheme 2F). As one would expect, the
neutrino-neutrino and CDM+baryons-neutrino cross correlation loop corrections are sup-
pressed compared to the corresponding CDM+baryons auto-correlation loop corrections. In
addition, the suppression is also present to a certain degree at scales larger than the free-
streaming scale, due to mode-mode coupling. Moreover, since they are multiplied by fν  1
(cf. Eq. (4.16)), loop corrections to Pcb,ν and Pν,ν can safely be neglected for an analysis with
percent-level accuracy. Nevertheless, we include them for completeness in our analysis.
5.1 Approximation schemes
We aim to identify viable simplified approximation schemes to capture the impact of massive
neutrinos on loop corrections within the weakly non-linear regime. We therefore compare
the following schemes, in the order of increasing complexity:
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EdS-SPT scheme (1F) The simplest scheme we consider takes neutrinos only into ac-
count via their effect on the linear power spectrum,
Pm,m = P
lin.
m,m + P
EdS-SPT
1-loop (P
lin.
m,m) + P
EdS-SPT
2-loop (P
lin.
m,m) , (5.3)
where PEdS-SPT1-loop (Pm,m) symbolizes the 1-loop correction computed using EdS-SPT kernels
with Pm,m as input; similarly for 2-loop. While being particularly simple to implement, this
scheme is completely agnostic to the scale- and time-dependent free-streaming dynamics of
the neutrinos beyond the linear level. In addition, inaccuracies emerge at late times due to
the EdS approximation becoming increasingly unreliable (see Sec. 3). We refer to this scheme
as 1F in the following.
It turns out that the 1F-scheme underestimates the loop correction to the power spec-
trum by a factor ∼ 2Lfν , L being the loop order, for scales much smaller than the free-
streaming scale. This will be discussed more below; at this point we note that part of the
motivation for the next scheme is to correct for this.
EdS-SPT CDM+baryons scheme (1F-cb) The second scheme is similar to the first
one, but uses instead the CDM+baryons linear power spectrum as input for the EdS-SPT
loop corrections [37, 58]:
Pm,m = P
lin.
m,m + (1− fν)2PEdS-SPT1-loop (P lin.cb,cb) + (1− fν)2PEdS-SPT2-loop (P lin.cb,cb) . (5.4)
As the 1F scheme, this is reasonably straightforward to implement, but it suffers from the
same imprecisenesses. It will be labeled 1F-cb from now on.
External source scheme (1F-ext) The effect on the CDM and baryons due to the
presence of massive neutrinos enters through the coupling via gravitation, and one way to
approximate this is to use the linear neutrino transfer function in the Poisson equation [59].
In our notation, this scheme (which we label 1F-ext) amounts to using
Ω(k, η) =
(
0 −1
−32 Ωmf2 ξ(k, η) 32 Ωmf2 − 1
)
(5.5)
in the equations of motion for a one-component fluid ψa = (δcb,−θcb/Hf) with
ξ(k, η) = 1− fν + fν
(
δν(k, η)
δcb(k, η)
)
lin.
, (5.6)
and (δν/δcb)lin. taken as external input. This scheme is readily realized in our numerical setup
for loop corrections in models with time- and scale-dependent growth. By the same arguments
as for the two-fluid model (and to perform a comparison on equal footing), we use the 1F-ext
scheme in a hybrid setup: using the Boltzmann hierarchy (CLASS) up until a redshift zmatch
before non-linearities become important and matching onto the one-component fluid. We
use again zmatch = 25, and take the linear transfer function ratio (δν/δcb)lin. from CLASS.
Analogously to the two-fluid schemes, one needs to carefully choose the initial conditions
for the kernels in the 1F-ext scheme, in order to avoid transient modes still being present at
η = 0. The prescription for initial conditions described in the beginning of this section may
equally well be applied in the 1F-ext model: we evolve the kernel hierarchy from an early
time ηasymp  ηmatch with Ω = Ω(k, ηmatch) to ensure that the kernels are fully settled in the
growing mode solution at ηmatch.
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Two-fluid scheme with adiabatic sound velocity (2F-ad) In this scheme the neutrino
density contrast and velocity divergence are included as a separate component, using the
adiabatic approximation for the neutrino sound velocity and neglecting the anisotropic stress,
as discussed in Sec. 4 and at the beginning of this section.
Two-fluid scheme with exact effective sound velocity (2F) Finally, the 2F scheme is
the one which best captures the neutrino dynamics and its impact on the CDM+baryons fluid
beyond the linear level, hence we use it as the benchmark for the comparison. It incorporates
the full scale-dependent sound velocity as well as the impact of anisotropic stress on the linear
evolution matrix. The 2F scheme was described in detail in Sec. 4, and the generalization to
non-linear corrections was laid out in the beginning of this section.
5.2 Comparison
In the following, we discuss the performance of the various approximation schemes in cap-
turing the effect of massive neutrinos on the non-linear power spectrum. The results are
summarized in Figs. 7 and 8, which show the non-linear corrections in the different schemes
normalized to the 2F scheme for various neutrino masses at redshift z = 0 and z = 0.5,
respectively. At large scales, k . 0.1 h/Mpc, the linear power spectrum dominates and all
schemes largely agree. The tiny discrepancies at the permille level arise due to the slight
difference between the linear two-fluid model and CLASS, as discussed in Sec. 4. This could
easily be corrected for by using the linear power spectrum from CLASS also in the 2F and
2F-ad schemes. At smaller scales, the non-linear corrections become important, and the
approximations 1F and 1F-cb perform progressively worse for increasing wavenumber. The
1F-ext and 2F-ad schemes on the other hand capture the time- and scale-dependence of the
dynamics more thoroughly, and remain in good agreement with 2F. A similar behavior is
seen at redshift z = 0.5, although to a lesser degree, since the non-linear corrections are
smaller compared to the linear power spectrum at earlier times. We consider each scheme in
detail in what follows.
EdS-SPT scheme (1F) The separate 1- and 2-loop corrections to the matter power spec-
trum in the 1F scheme is plotted in Fig. 9. Even though small scales are beyond the scope
of perturbation theory, we note that the asymptotic behavior for large k can be understood
in the following way: in this limit the neutrino contribution to the total power spectrum
becomes negligible so that Pm,m ' (1− fν)2Pcb,cb. In the 1F scheme, the loop corrections to
the CDM+baryons power spectrum is then computed with (1−fν)2Pcb,cb as initial condition
rather than Pcb,cb, leading to a suppression by a factor of 2Lfν compared to the 2F result on
these scales, with L being the loop order. This is evident for the 1-loop term at k & 1 h/Mpc
in Fig. 9. Due to the coupling of Fourier modes, the suppression is to greater extent present
across scales in the 2-loop correction. For the highest neutrino masses, both the 1- and 2-loop
corrections are smaller than the corresponding terms in the 2F scheme by about 5% in the
mildly non-linear regime. Since the 1- and 2-loop terms are of the same order in this domain,
but with opposite sign, the deviations largely cancel out, leaving a remarkable agreement
for the total power spectrum, which is apparent in the lower plots of Figs. 7 and 8. Due to
the different dependence of the 1- and 2-loop corrections on redshift and other cosmological
parameters such as As, this cancellation should be considered as coincidental.
EdS-SPT CDM+baryons scheme (1F-cb) By taking the CDM+baryons power spec-
trum as input to the EdS-SPT loop evaluation, the 1F-cb scheme corrects for the ∼ 2Lfν
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Figure 7. Fractional difference between different schemes and the 2F scheme of the total matter power
spectrum Pm,m at redshift z = 0 and with
∑
mν = 0.06, 0.15, 0.21, 0.3 eV. Dashed lines correspond
to the 1-loop power spectrum P = P lin. + P 1-loop, while solid lines correspond to the 2-loop power
spectrum P = P lin. + P 1-loop + P 2-loop. The shaded areas indicate the numerical uncertainties of the
2-loop results (numerical uncertainty at 1-loop is invisible).
suppression in the 1F scheme. This is seen in Fig. 10, which displays the separate 1- and
2-loop corrections to the power spectrum in the 1F-cb scheme, normalized to the 2F scheme.
Given our knowledge of the deviation in the non-linear corrections due to the departure from
EdS from Sec. 3 and comparing to Fig. 1 in particular, we conclude that the main difference
between the 1F-cb and 2F results comes from the EdS approximation in 1F-cb. The deviation
due to the neglection of the neutrino-neutrino and CDM+baryons-neutrino power spectra is
only about 0.1%. Note that the 1F-cb scheme appears to perform worse than the 1F scheme
in Figs. 7 and 8, however this is only due to the accidental cancellation between inaccuracies
of the 1- and 2-loop terms in the 1F scheme.
External source scheme (1F-ext) With a more proper treatment of the time- and scale-
dependence of the dynamics, the external source scheme yields results that are unwaveringly
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Figure 8. Same as Fig. 7, at redshift z = 0.5.
in agreement with the 2F scheme. There is a small difference at the permille level for the
smallest neutrino mass, but this could equally well be attributed to the two-fluid model: it
differs about a permille to the CLASS solution at the linear level, and this error plausibly
propagates to higher orders. We note that spurious dipole contributions may appear in the
k → 0 limit of the power spectrum in the 1F-ext scheme, due to momentum conservation
being slightly broken [33]. Moreover, the numerical complexity of the 1F-ext scheme is
comparable to the two-fluid setup, such that in practice there is little advantage over using
2F or 2F-ad.
Two-fluid scheme with adiabatic sound velocity (2F-ad) Lastly, the 2F-ad scheme
also agrees reasonably well with the 2F scheme in the linear and mildly non-linear regimes.
Even though the neutrino transfer functions are underestimated byO(10%) at the linear level,
this has negligible impact on the total matter power spectrum for the lowest neutrino mass.
Increasing the neutrino mass, the error in the neutrino sector influences the CDM+baryons
to greater extent via the coupling through gravity, leading to e.g. 0.3% deviation in the mildly
non-linear regime for
∑
mν = 0.3 eV compared to the 2F scheme.
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Figure 10. Same as Fig. 9 with the 1F-cb scheme normalized to 2F.
In summary, we find that the external source scheme 1F-ext best emulates the results of
the 2F scheme. Of the simplest schemes 1F and 1F-cb, 1F-cb yields the best results for the
separate loop corrections, with the main source of error coming from the EdS approximation.
Even though the 1F scheme appears to perform better when the linear and non-linear con-
tributions are added, this is due to a cancellation of errors, which is regarded as coincidental
and moreover not expected to necessarily occur when e.g. including redshift space distortion
effects or effective field theory corrections.
6 Conclusions
In this work, we have set up a framework that captures the effect of time- and scale dependent
growth on non-linear corrections to the power spectrum. This is achieved by extending
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SPT to a generic form that describes a multi-component fluid with the linear evolution
characterized by a time- and scale dependent matrix Ω(k, η). The framework can be applied
to a wide range of extended cosmological models, and we use it in particular to examine the
reliability of the EdS approximation and the effect of massive neutrinos on loop corrections
to the matter power spectrum. As in SPT, we expand the density contrast and velocity
divergence in terms of the linear density contrast, but due to the dependence on time and
scale, the resulting equations of motion for the kernels cannot be solved analytically as is
possible in the EdS-SPT case. Instead we solve the hierarchical differential equations for
the kernels (Eq. (2.13)) numerically, for each configuration of wavenumbers needed by the
Monte-Carlo loop integration that yields the non-linear corrections to the power spectrum in
the perturbative expansion.
Our first application of the numerical framework is investigating the validity of the com-
monly used EdS approximation for the matter power spectrum at 2-loop. We checked that at
1-loop, we reproduce the results previously derived in the literature: the EdS approximation
is accurate to less than a percent at redshift z = 0 in the mildly non-linear regime. The
deviation increases to more than 1% at k = 0.2 h/Mpc when adding the 2-loop term. At
redshift z = 0.5, the error introduced by the EdS approximation is less, because Ωm/f
2 is
closer to unity and the non-linear corrections are suppressed to greater extent compared to
the linear power spectrum.
In order to be able to calculate non-linear corrections to the power spectrum in the
presence of massive neutrinos, we employ a refined version of the two-fluid model of Ref. [33].
It utilizes the fact that after the non-relativistic transition but before non-linearities become
important, the lower and higher moments of the Boltzmann hierarchy decouple, so the neutri-
nos may be described by a fluid with an effective sound velocity. Thereby the CDM+baryons
and neutrinos are modeled as separate components of a two-component fluid, with coupling
through gravity. We demonstrate two ways to model the effective neutrino sound velocity:
using an adiabatic approximation and integrating the linearized Boltzmann equation to ob-
tain sound velocity and anisotropic stress. Comparing the latter with the Boltzmann solver
CLASS, we obtain permille and percent agreement for the CDM+baryons and neutrinos,
respectively.
The two-fluid setup for massive neutrino cosmologies is readily realized in our numerical
framework for investigating the impact of neutrino free-streaming on weakly non-linear scales.
We compare the 1- and 2-loop matter power spectrum with full time- and scale-dependence
to various simplified approximations that treat the neutrinos linearly. The approximation
scheme that best captures the neutrino backreaction on the CDM+baryons is the external
source scheme (1F-ext), which we find to agree excellently with the two-fluid model. How-
ever, the computational complexity for 1F-ext is comparable to the full two-fluid treatment.
Approximating the loop corrections by PEdS-SPT(P lin.m,m) (1F scheme), we find deviations of
several percent for the individual 1- and 2-loop corrections compared to the two-fluid model.
While the mismatch largely cancels when adding 1- and 2-loop contributions, this cancella-
tion among terms of different order in the perturbative expansion should be considered as
purely accidental. When using only the CDM+baryon power spectrum as input to compute
loop corrections, PEdS-SPT(P lin.cb,cb) (1F-cb scheme), the 1- and 2-loop corrections are in better
agreement with the two-fluid treatment. The total matter power spectrum deviates by about
1% (z = 0) and 0.25% (z = 0.5) from the two-fluid model at k = 0.15 h/Mpc, with the
predominant error coming from the EdS approximation.
Given the versatility of our numerical framework, it is suitable for precision analyses
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incorporating relativistic effects, small-scale effective stress-tensor corrections and redshift
space distortions in addition to describing extended cosmological models in the future.
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A Validation with analytic 1-loop kernels
In this appendix, we compare the power spectrum at 1-loop obtained using numerically
evolved kernels and using analytic expressions for the kernels when the EdS approxima-
tion is relaxed. Expressions for the second- and third-order generalized kernels with time-
dependence have been derived in the past [48–52], and we repeat them here for convenience.
At second order, the kernels may be written in such a way that the time-dependence is
contained in the angle-averaged kernels ν2 and µ2,
F2(q1,q2; η) =
(
−1
2
+
3
4
ν2(η)
)
αs(q1,q2) +
(
3
2
− 3
4
ν2(η)
)
β(q1,q2) , (A.1)
G2(q1,q2; η) =
(
−1
2
+
3
4
µ2(η)
)
αs(q1,q2) +
(
3
2
− 3
4
µ2(η)
)
β(q1,q2) , (A.2)
where αs(q1,q2) = (α(q1,q2) + α(q2,q1))/2. Note that an overall factor e
nη was extracted
from the kernels above compared to those defined in Eq. (2.12): in our notation from
Sec. 2.2 we have F
(2)
1 (η) = e
2η F2(η) and F
(2)
2 (η) = e
2η G2(η). The angle-averaged kernels
are momentum-independent and satisfy the following equations of motion:
∂η
(
νn
µn
)
a
+ n
(
νn
µn
)
a
+ Ωab(η)
(
νn
µn
)
b
=
n−1∑
m=1
(
n
m
)(
µm νn−m
1
3 µm µn−m
)
a
, (A.3)
where Ωab was defined in Eq. (2.4). Given the linear growing mode solution ν1 = µ1 = 1,
the equation of motion for ν2 and µ2 may easily be integrated numerically. Due to the
factorization of the time- and scale-dependence in Eqs. (A.1) and (A.2), one only needs to do
this once given a cosmological model. In contrast, the numerical setup described in Sec. 2.2
necessitates solving a similar set of differential equations separately for each wavenumber
configuration required by the Monte-Carlo loop integration. Factorizing the time- and scale-
dependence of generalized kernels becomes progressively more difficult at higher orders in
perturbation theory, however; as far as we are aware there is no derivation of this beyond
third order. We note finally that in the EdS limit, ν2 = 34/21 and µ2 = 26/21, which inserted
in Eqs. (A.1) and (A.2) reproduces the EdS-SPT kernels.
At third order, the time-dependence of the F3 kernel can be extracted into the param-
eters ν2, ν3 and λ3 [16, 48],
2
F3(q1,q2,q3; η) = R1(q1,q2,q3) + ν2(η)R2(q1,q2,q3) + ν3(η)R3(q1,q2,q3)
+ λ3(η)R4(q1,q2,q3) , (A.4)
2A similar expression for F3 is derived in Ref. [51], which is related to Eq. (A.4) by λ1 = 8/9− ν2 + ν3/2 +
2λ3/9 and λ2 = 13/18− 3ν2/4 + 3ν3/8 + λ3/18.
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Figure 11. Ratio of the 1-loop correction to the matter power spectrum computed from numerically
evolved kernels and computed from the analytic kernel expressions. The ν2, ν3 and λ3 parameters
used are listed in Table 1. Left: z = 0. Right: z = 0.5. The error bars correspond to uncertainty
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Table 1. Parameters used in expressions for generalized kernels. The constant values in EdS are
listed as reference.
ν2 µ2 ν3 λ3
EdS 34/21 26/21 682/189 1/6
ΛCDM, z = 0 1.6215126 1.2510105 3.6228998 0.1696433
ΛCDM, z = 0.5 1.6201647 1.2434840 3.6149456 0.1679576
where λ3(η) is a function satisfying(
∂2ln a +
(
1 +
d lnH
d ln a
)
∂ln a − 3
2
Ωm
)
(λ3(a)D
3(a)) =
3
2
ΩmD
3(a) . (A.5)
Using the notations αij,k = α(qi + qj ,qk) and αi,jk = α(qi,qj + qk), the momentum-
dependent functions in the expression for F3 are
R1 =
(
2
3
αs3,12 +
1
3
β3,12
)
α1,2 +
(
1
6
α3,12 − 1
2
αs3,12 −
5
2
β3,12
)(
αs1,2 − β1,2
)
, (A.6a)
R2 = 3
4
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) (
αs1,2 − β1,2
)
, (A.6b)
R3 = 3
8
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) (
αs1,2 − β1,2
)
, (A.6c)
R4 = 2
3
(
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)
α1,2 −
(
1
3
α3,12 +
1
2
αs3,12 −
1
2
β3,12
)(
αs1,2 − β1,2
)
. (A.6d)
We symmetrize the above expressions with respect to permutations of q1, q2 and q3 in order
to utilize the loop integration algorithm described in Sec. 2.2.
In Fig. 11, we compare the power spectrum at 1-loop using kernels computed from
Eqs. (A.1), (A.2) and (A.4) with that computed by solving Eq. (2.13) (with Ω given in
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Eq. (2.4)) numerically. The time-dependent parameters in the generalized kernels are evalu-
ated numerically by solving Eqs. (A.3) and (A.5), yielding the values listed in Table 1. We
find excellent agreement between the power spectra from the analytic kernels and from the
numerically evolved ones.
B Numerical checks of convergence
We performed various numerical checks to ensure the stability of the algorithm. First of
all, we checked that when using the EdS-SPT recursion relation for the kernels (rather than
evolving them numerically), we obtain agreement between two independent implementations
computing the 2-loop power spectrum. Secondly, when evolving the kernels numerically
according to Eq. (2.13) using the constant evolution matrix Ω = ΩEdS, we confirm that we
recover the results of the EdS-SPT recursion relation. Finally, we checked that changing
various parameters in the numerical setup does not change the results beyond the numerical
uncertainty. We discuss the last point in detail in the following.
As described in Sec. 2.2, for each wavenumber configuration the kernels computed by
Eq. (2.13) are temporarily stored on a grid between the initial and final times, so that they
can potentially be used in the RHS of the same equation when solving for a higher order
kernel. We used N = 100 as grid size in both the analysis of the departure from EdS in Sec. 3
and the analysis of the effect of massive neutrinos on the matter power spectrum in Sec. 5.
For the one-fluid implementation used in Sec. 3, increasing the grid size to N = 150 does not
alter the results beyond the numerical uncertainty. Likewise, setting N = 125 in the two-fluid
model for massive neutrinos (scheme 2F) impacts the results insignificantly. In Fig. 12 we
show the relative difference between results obtained with N = 125 and N = 100 for a subset
of wavenumbers and for all the 1- and 2-loop corrections to the total power spectrum in a
cosmology with neutrino mass
∑
mν = 0.15 eV. At small scales, there is a relative deviation
of order O(1) in Pcb,ν and Pν,ν . However, Pcb,ν and Pν,ν are suppressed by several orders
of magnitude compared to Pcb,cb in that domain, and the total power spectrum receives no
significant change from altering N . In addition, small scales are anyway beyond the reach
of perturbation theory; in the linear and mildly non-linear regime none of the contributions
differ beyond the numerical uncertainties when changing N . We perform the same check for
the other neutrino masses considered in this work, also finding deviations that are smaller
than the numerical uncertainty.
We used throughout qmin = 10
−4 h/Mpc and qmax = 65 h/Mpc as integration limits
in the Monte-Carlo integration. This domain covers the scales in which the linear power
spectrum is largest and hence also the regions where the integrand receives its dominant
contributions. Indeed, beyond the chosen integration limits the linear power spectrum is
suppressed by several orders of magnitude compared to the peak. Moreover, due to the
cancellations of large terms in the integrand when the external wavenumber is large, one
cannot extend the upper limit too far: the terms in question grow with increasing separation
between the momenta (both loop and external) and at some point the cancellation might be
slightly spoiled by machine rounding error. We find that using an upper integration limit
around qmax = 65, the one-fluid calculation used in Sec. 3 is stable against modest changes of
qmax. In addition, decreasing the lower integration limit to qmin = 1.3 ·10−5 does not alter the
results beyond the numerical error bars. A similar exercise was performed for the two-fluid
model with massive neutrinos: in Fig. 13 we show the relative difference introduced in the
1- and 2-loop corrections when decreasing the lower integration limit to 1.3 · 10−5 (neutrino
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Figure 12. Relative difference of the various contributions to the 1- and 2-loop corrections to
the power spectrum when changing the number of grid points between the initial and final times,
i.e. ∆P = |PN=125/PN=100 − 1|. Neutrino mass: ∑mν = 0.15 eV. The top and bottom rows
correspond to the 1- and 2-loop correction, respectively. The columns display from left to right:
Pm,m, Pcb,cb, Pcb,ν and Pν,ν .
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Figure 13. Relative difference of the various contributions to the 1- and 2-loop corrections to
the power spectrum when adjusting the lower integration cutoff in the loop integration, i.e. ∆P =
|P (qmin = 1.3 · 10−5 h/Mpc)/P (qmin = 10−4 h/Mpc)− 1|. Neutrino mass:
∑
mν = 0.15 eV. The top
and bottom rows correspond to the 1- and 2-loop correction, respectively. The columns display from
left to right: Pm,m, Pcb,cb, Pcb,ν and Pν,ν .
mass
∑
mν = 0.15 eV). Corresponding plots for the relative difference between results with
qmax = 65 and qmax = 70 are shown in Fig. 14. We find agreement within the numerical
uncertainty both when changing the lower and upper integration cutoffs, except for a few of
the values on small scales, which are anyway far beyond the scope of perturbation theory.
Similar agreement is found for the other neutrino masses used in this work.
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